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Difference Sets over the Galois Ring G R(2n, 2)
MIEKO YAMADA
We show there exist two infinite families of difference sets with the parameters 22n , 2n−1(2n ±1),
2n−1(2n−1 ± 1) over the Galois ring G R(2n , 2), according to whether n is an odd or even integer.
Namely, for every characteristic 2n , there exists a difference set over the Galois ring G R(2n , 2).
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1. INTRODUCTION
Let us denote by G R(2n, r) the Galois ring of characteristic 2n with the extension degree r .
In 1988, Liebler and Mena [7] constructed an infinite family of distance-regular digraphs of
girth 4 via Galois rings G R(22, r). This led us to active study of various kinds of combinato-
rial objects over Galois rings of characteristic 4. It was subsequently proved that there exists
an infinite family of difference sets over G R(22, r) [9]. These digraphs and difference sets are
constructed from amorphous association schemes over G R(22, r). A necessary and sufficient
condition for the existence of such amorphous association schemes was given by Ito, Mune-
masa and Yamada [4]. Another example of the use of Galois rings is [3], in which Hammons et
al. showed that well known nonlinear binary codes, Kerdock, Preparata, Nordstrom-Robinson,
etc. can be constructed as a binary image of a linear code of G R(22, r) under the Gray map.
It gives a new approach to the study of the binary nonlinear codes.
In this paper, we constructed certain difference sets over G R(2n, 2). It is well known that if
D is a (v, k, λ) symmetric design with v a power of 2, then the parameters of D have to be
v = 22n, k = 2n−1(2n ± 1), λ = 2n−1(2n−1 ± 1).
Such difference sets, called Menon difference sets, are known to exist. Davis, Dillon, Leung
and Ma gave many examples of Menon difference sets. Particularly, Davis [1, 2] constructed
Menon difference sets over Z/2n+2Z×Z/2nZ and Z/2nZ×Z/2nZ ∼= G R(2n, 2). Dillon [5,
Theorem 12.7] generalized his constructions. Kraemer finally proved that Turyn’s exponent
bound is a necessary and sufficient condition of existence of a Menon difference set. Hence
every abelian group with Turyn’s exponent bound has a Menon difference set. In this sense,
this paper gives no new parameters of difference sets, but a new construction of them, perhaps
a new series of difference sets which are nonisomorphic to any of the known ones. We show
that our difference set is not constructed by Dillon’s theorem in Section 3.
We treat the quadratic extension ring G R(2n, 2), fixing the degree r = 2 and varying the
characteristic 2n . We show that for every characteristic 2n , there exists a difference set in the
additive group of the Galois ring G R(2n, 2). The difference sets over G R(2n, 2) are con-
structed recursively, preserving the multiplicative structure when n increases. Namely if an
element of this difference set is in the ideal ℘l
(
3 ≤ l ≤ [ n−32 ]), then its image by a certain
mapping (shift and projection) is in the ideal ℘l−2 and a difference set over G R(2n−2, 2).
We may have a similar result that holds for an extension ring with higher degree, but the
construction is different from the case of degree 2. We will discuss this result in another paper.
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2. GALOIS RINGS
Let us denote Z/2n Z by An . A finite extension of An is always Galois extension. We call
this extension ring a Galois ring and denote by G R(2n, r), where r is the extension degree.
The polynomial x2 + x + 1, whose root ξ satisfies ξ3 = 1, is an irreducible polynomial over
An . We consider the extension ring <n of An by ξ : <n = An[ξ ] = G R(2n, 2).
<n is a local ring and has a unique maximal ideal ℘n = 2<n . Every ideal of <n is ℘ln =
2l<n where 1 ≤ l ≤ n − 1.
Let Tn = 〈ξ〉⋃{0}. Tn is a set of complete representatives of <n/℘n . Any element α of <n
is uniquely represented as
α = α0 + 2α1 + · · · + 2n−1αn−1, αi ∈ Tn .
For n ≥ 3, the unit group <∗n of <n is a direct product of four cyclic groups,
<∗n = 〈ξ〉〈−1 + 2n−1〉〈1 + 2ξ〉〈1 + 4ξ〉.
The orders of subgroups 〈−1+2n−1〉, 〈1+2ξ〉 and 〈1+4ξ〉 are 2, 2n−1 and 2n−2, respectively.
We put En = 〈−1 + 2n−1〉〈1 + 2ξ〉〈1 + 4ξ〉.
For n = 2, the unit group <2 is a direct product of the cyclic group generated by ξ and the
elementary abelian group E2, namely
<∗2 = 〈ξ〉E2 = 〈ξ〉〈3〉〈1 + 2ξ〉.
We extend the projection from An to An−1 to the projection µ from <n to <n−1 naturally.
That is, µ(ξ) = ξ , µ(a) ≡ a (mod 2n−1), a ∈ An . Then µl(<∗n) = <∗n−l .
Further we notice that ℘ln − ℘l+1n = 2l<∗n−l .
The Galois group of <n is a cyclic group generated by σ : ξ → ξ2. Hence the trace S<n/An
from <n to An is defined by
S<n/An (α) = α + ασ .
For details and proofs, we refer the reader to [8].
All the additive characters of <n are determined by the following lemma.
LEMMA 1. The additive character λβ of <n is given by
λβ(α) =
∑
α∈<n
ζ
S<n/An (βα)
2n
where β ∈ <n and ζ2n is a primitive 2n th root of unity.
PROOF. Let λ be an additive character of <n . Since λ(α)2n = λ(2nα) = 1, an additive
character λ can be written as λ(α) = ζ h(α)2n , where ζ2n is a primitive 2n th root of unity and
h(α) is the element of An determined by α. On the other hand, λ1(α) = ζS<n/An (α)2n is a
nontrivial character of <n . For β ∈ <n , we define the function λβ by λβ(α) = λ1(βα). Then
λβ is also an additive character of <n . Since the number of additive characters of <n is equal
to |<n|, it suffices to show that λβ 6= λγ if β 6= γ . However, there exists a suitable element α
such that
λβ(α)
λγ (α)
= λ1((β − γ )α) 6= 1. 2
We can prove the commutativity between the projection and the trace easily.
LEMMA 2.
µS<n/An = S<n−1/An−1µ
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For a nontrivial character λβ of <n , we have the following lemma.
LEMMA 3. For a nontrivial character λβ of <n ,∑
α∈<n
λβ(α) = 0.
If µ(β) 6= 0, then ∑
α∈℘n
λβ(α) = 0, so that
∑
α∈<∗n
λβ(α) = 0.
PROOF. There exists an element of γ ∈ <n such that λβ(γ ) 6= 1.
λβ(γ )
∑
α∈<n
λβ(α) =
∑
α∈<n
λβ(γ + α) =
∑
α∈<n
λβ(α).
Since λβ(γ ) 6= 1, we have ∑α∈<n λβ(α) = 0.
The element α of ℘n is written as α = 2α0, α0 ∈ <n−1.∑
α∈℘n
λβ(α) =
∑
α∈℘n
ζ
S<n/An (βα)
2n =
∑
α0∈<n−1
ζ
S<n/An (βα0)
2n−1 .
By Lemma 2, the above sum is∑
α0∈<n−1
ζ
S<n−1/An−1 (α0µ(β))
2n−1 =
∑
α0∈<n−1
λµ(β)(α0).
From the assumption and the previous result, we have
∑
α∈℘n λβ(α) = 0.
Notice that S<n/An (1) = 2 and S<n/An (ξ) = S<n/An (ξ2) = −1. In order to prove the main
theorems, we need the following lemma.
LEMMA 4. Suppose n ≥ 3. Let ε be an element of En . We define the mapping ϕ from the
cyclic group 〈1 + 4ξ〉 to An as follows, for 0 ≤ f < 2n−2,
ϕ(1 + 4ξ) f = S<n/An (ε(1 + 4ξ) f ).
Then ϕ is injective.
PROOF. Put S = S<n/An . We observe
S(ε(1 + 4ξ) f ) ≡ S(ε) (mod 4)
for all f such that 0 ≤ f < 2n−2. It means that ϕ is a mapping from < 1+4ξ > to the subset
{a | a ≡ 0 (mod 4)} or {a | a ≡ 2 (mod 4)} of An , according to S(ε) ≡ 0, 2 (mod 4). It
should be noted that
(1 + 4ξ)2n−3 ≡ 1 + 2n−1ξ (mod 2n). (1)
Hence, we have
S(ε(1 + 4ξ) f+2n−3) = S(ε(1 + 4ξ) f (1 + 2n−1ξ))
= S(ε(1 + 4ξ) f )+ 2n−1S(ε(1 + 4ξ) f ξ)
= S(ε(1 + 4ξ) f )+ 2n−1S(εξ).
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Since ε is an element of En , S(εξ) ≡ S(ξ) ≡ 1 (mod 2). Thus
S(ε(1 + 4ξ) f+2n−3) = S(ε(1 + 4ξ) f )+ 2n−1. (2)
Let F = {0, 1, . . . , 2n−2 − 1}. We define the subsets F−1 and F+1 of F as follows
F−1 = { f ∈ F |S(ε(1 + 4ξ) f ) < 2n−1}, F+1 = { f ∈ F |S(ε(1 + 4ξ) f ) ≥ 2n−1}.
We see F−1 and F
+
1 are a partition of F , that is F
−
1 ∩ F+1 = ∅, F−1 ∪ F+1 = F . From (2),
if f ∈ F−1 (resp. F+1 ), then f + 2n−3 ∈ F+1 (resp. F−1 ). It implies |F−1 | = |F+1 |, so that|F−1 | = |F+1 | = 2n−3.
We define the subsets F−i and F
+
i of F
−
1 for 2 ≤ i ≤ n − 2 as follows,
F−i = { f ∈ F−1 |S(ε(1+4ξ) f ) < 2n−i }, F+i = { f ∈ F−1 |2n−i ≤ S(ε(1+4ξ) f ) < 2n−i+1}.
Then F−i and F
+
i are a partition of F
−
i−1.
We prove the lemma by induction on i . Suppose |F−i−1| = |F+i−1| = 2n−i−1. Replacing n
by n − i + 1 in (2), we obtain
S(ε(1 + 4ξ) f+2n−i−2) ≡ S(ε(1 + 4ξ) f )+ 2n−i (mod 2n−i+1).
If f ∈ F−i (resp. F+i ), then f + 2n−i−2 ∈ F+i (resp. F−i ). It implies |F−i | = |F+i | = 2n−i−2
by induction hypothesis. Thus the subset
F−n−2 = { f ∈ F−1 |S(ε(1 + 4ξ) f ) < 22}
has one element. Namely, there exists a uniquely determined f such that S(ε(1 + 4ξ) f ) = 0
or 2. It means that ϕ is an injective mapping from 〈1 + 4ξ〉 to An . 2
3. MAIN THEOREMS
We show there exist two infinite families of difference sets over<n = G R(2n, 2), according
to whether n is odd or even.
Let D be a subset of <n and λβ is an additive character of <n . We define the element
D = ∑α∈D α of the group ring Z<n and D−1 = ∑α∈D(−α). The subset D is a difference
set with parameters v = 22n, k = 2n−1(2n ± 1), λ = 2n−1(2n−1 ± 1) if and only if D satisfies
DD−1 = (k − λ)1 + λ
∑
α∈<n
α.
It suffices to show that for every additive character λβ of <n ,
λβ(DD
−1) =
∑
α∈D
λβ(α)
∑
γ∈D
λβ(−γ )
=
{
k − λ if β 6= 0,
k − λ+ λv if β = 0 (3)
holds. When β = 0, λ0(DD−1) = |D|2, so that λ0(D) = |D| = 2n−1(2n ± 1). If β 6= 0,
λβ(D) is an element of the integer ring O of the cyclotomic field Q(ζ2n ) where ζ2n is a
primitive 2n th root of unity. The principal ideal
(∑
α∈D λβ(α)
)
is equivalent to the ideal
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α∈D λβ(α)
)
. Since the principal ideal 2 is completely ramified in O, the ideal
(
∑
α∈D λβ(α)) is equivalent to 2n−1, or
λβ(D) =
∑
α∈D
λβ(α) = 2n−1u
where u is a unit of Q(ζ2n ).
In what follows, we use the same symbol D to denote the element D =∑α∈D α of Z<n .
The following lemma is used in the proofs of both main theorems.
LEMMA 5. For an integer n ≥ 3, let Rn,l be a set of complete representatives for <∗n−l/
〈(1 + 4ξ)2n−2l−3 . Set Rn = Rn,0. For n ≥ 4, set
P ln =
{
2la
l∏
i=1
(1 + 2n−l−iξ)gi
∣∣∣∣ | a ∈ Rn,l , gi = 0, 1(i = 1, . . . , l)} f or1 ≤ l ≤ [n − 32
]
.
If β ∈ <∗n , then
λβ(Rn) = ±2n−1, λβ(P ln) = 0.
PROOF. Let β = bξ t , b ∈ En . We observe that
〈−1 + 2n−1〉〈(1 + 2ξ)2〉 = 〈−1 + 2n−1〉〈−3〉 = (Z/2n Z)×.
Therefore we can write an element a of Rn as a = γ ξm(1 + 2ξ)ea0 where m = 0, 1, 2,
e = 0, 1, (γ, 2n) = 1 and a0 denotes a representative of 〈1 + 4ξ〉/〈(1 + 4ξ)2n−3〉. Thus
λβ(Rn) =
∑
a0
1∑
e=0
∑
(r,2n)=1
2∑
m=0
ζ
γS(ξm (1+2ξ)ea0bξ t )
2n
=
∑
a0
1∑
e=0
∑
(r,2n−1)=1
2∑
m=0
ζ
γS(ξm (1+2ξ)ea0b)
2n + ζ (γ+2
n−1)S(ξm (1+2ξ)ea0b)
2n
=
∑
a0
1∑
e=0
∑
(r,2n−1)=1
2∑
m=0
ζ
γS(ξm (1+2ξ)ea0b)
2n (1 + (−1)S(ξ
m )).
Since S(1) ≡ 0, S(ξ) ≡ S(ξ2) ≡ 1 (mod 2), the above sum is
2
∑
a0
1∑
e=0
∑
(r,2n−1)=1
ζ
γS((1+2ξ)ea0b)
2n = 2
∑
a0
1∑
e=0
∑
(r,2n−2)=1
ζ
γS((1+2ξ)ea0b)
2n (1 + ζS((1+2ξ)
ea0b)
4 ).
We observe that S((1 + 2ξ)ea0b) ≡ 0 (mod 4) for either e = 0 or e = 1, which is denoted
by e0, otherwise S((1 + 2ξ)ea0b) ≡ 2 (mod 4). Thus
λβ(Rn) = 4
∑
a0
∑
(r,2n−2)=1
ζ
γS((1+2ξ)e0 a0b)
2n .
Notice that (1+2ξ)e0b is an element of En . From Lemma 4, there exists a uniquely determined
a0 in the range 0 ≤ f ≤ 2n−2 such that S((1 + 2ξ)e0a0b) = 0 or 2n−1. We denote it by a′0.
For a0 6= a′0, we can write S((1 + 2ξ)e0a0b) = 2h(a0)δ(a0) where δ(a0) is an odd integer and
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h(a0) is a positive integer such that n − 1 > h(a0) ≥ 2. We put S((1 + 2ξ)e0a′0b) = δ(a′0),
δ(a′0) = 0 or 2n−1.
λβ(Rn) = 4
∑
a0 6=a′0
∑
(γ,2n−2)=1
ζ
γ 2h(a0)δ(a0)
2n + 4
∑
(γ,2n−2)=1
ζ
γ δ(a′0)
2n
= 4
∑
a0 6=a′0
∑
(γ,2n−2)=1
ζ
γ δ(a0)
2n−h(a0) + 4 · 2n−3(±1).
Since δ(a0) is an odd integer, the inner sum is equal to 0. Hence λβ(Rn) = ±2n−1.
From the previous result, we can write an element a of Rn,l , a set of complete represen-
tatives of <∗n−l/〈(1 + 4ξ)2
n−2l−3〉, as a = γ ξm(1 + 2ξ)ea0 where m = 0, 1, 2, e = 0, 1,
(γ, 2n−l) = 1 and a0 denotes a representative of 〈1 + 4ξ〉/〈(1 + 4ξ)2n−2l−3〉. Then,
λβ(P ln) =
∑
a
1∑
g1=0
· · ·
1∑
gl=0
ζ
2lS(a
∏l
i=1(1+2n−l−i ξ)gi bξ t )
2n
=
∑
a0
1∑
g1=0
· · ·
1∑
gl=0
1∑
e=0
∑
(γ,2n−l )=1
2∑
m=0
ζ
γS(ξm (1+2ξ)ea0 ∏li=1(1+2n−l−i ξ)gi b)
2n−l
=
∑
a0
1∑
g1=0
· · ·
1∑
gl=0
1∑
e=0
∑
(γ,2n−l−1)=1
2∑
m=0
{ζ γS(ξm (1+2ξ)ea0
∏l
i=1(1+2n−l−i ξ)gi b)
2n−l
+ ζ (γ+2n−l−1)S(ξm (1+2ξ)ea0
∏l
i=1(1+2n−l−i ξ)gi b)
2n−l }.
Since S(1) ≡ 0 and S(ξ) ≡ S(ξ2) ≡ 1 (mod 2), we have
λβ(P ln) = 2
∑
a0,e,gi
∑
(γ,2n−l−1)=1
ζ
γS((1+2ξ)ea0 ∏li=1(1+2n−l−i ξ)gi b)
2n−l
= 2
∑
a0,e
1∑
g2=0
· · ·
1∑
gl=0
{ζ γS((1+2ξ)
ea0
∏
i 6=1(1+2n−l−i ξ)gi b)
2n−l
+ ζ γS((1+2ξ)
ea0
∏
i 6=1(1+2n−l−i ξ)gi (1+2n−l−1ξ)b)
2n−l }
= 2
∑
a0,e
1∑
g2=0
· · ·
1∑
gl=0
ζ
γS((1+2ξ)ea0 ∏i 6=1(1+2n−l−i ξ)gi b)
2n−l (1 + (−1)S(ξb)).
Since S(ξb) ≡ S(ξ) ≡ 1 (mod 2), λβ(P ln) = 0. 2
THEOREM 1. Let n be an odd integer and n ≥ 3. Let Rn, P ln (1 ≤ l ≤ (n − 3)/2) be as in
Lemma 5. Further we define the subset P
n−1
2
n of <n as follows:
P
n−1
2
n = ℘
n−1
2
n − ℘
n+1
2
n = 2 n−12 <∗n+1
2
.
Then D = Rn +∑ n−32l=1 P ln + P n−12n is a (22n, 2n−1(2n + 1), 2n−1(2n−1 + 1)) difference set
over <n .
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TABLE 1.
1 ≤ s ≤ n−32 .
Rn P ln P
n−1
2
n
s ≥ l s = l s < l
(a) (b) (c) (d) (e)
0 0 ±2n−1 0 0
PROOF. First we verify λ0(D) = 2n−1(2n + 1). We observe that the set P ln(1 ≤ l ≤
(n − 3)/2) gives 3 · 22n−2l−3 distinct elements of ℘ln − ℘l+1n . Then
λ0(D) =| D | = | Rn | +
n−3
2∑
l=1
| P ln | + | P
n−1
2 |
= 3 · 22n−3 + 3
n−3
2∑
l=1
22n−2l−3 + 3 · 2n−1
= 3 · 2n
n−3
2∑
k=0
22k + 3 · 2n−1
= 2n(2n−1 − 1)+ 3 · 2n−1
= 2n−1(2n + 1).
Next we show that λβ(D) = 2n−1u for β 6= 0 where u is a unit of Q(ζ2n ).
Case 1. β ∈ <∗n . By Lemma 5, we have
λβ(Rn) = ±2n−1, λβ(P ln) = 0, (1 ≤ l ≤ (n − 3)/2).
From Lemmas 2 and 3,
λβ(P
n−1
2
n ) =
∑
a∈<∗
(n+1)/2
ζ
2(n−1)/2S(aβ)
2n =
∑
a∈<∗
(n+1)/2
ζ
S(aβ)
2(n+1)/2 = λµ(n+1)/2(β)(<∗(n+1)/2) = 0.
Therefore we obtain λβ(D) = ±2n−1.
Case 2. β ∈ ℘sn − ℘s+1n . Let β = 2sβ0, β0 ∈ <∗n−s . We distinguish two cases.
The entries of Tables 1 and 2 give λβ(A) where A is from {Rn, P ln (1 ≤ l ≤ (n − 3)/2),
P
n−1
2
n }. The symbols (a), (b) etc. in Table 1 (resp. (a − 1), (a − 2) etc. in Table 2) correspond
to the cases (1)(a), (b) etc. (resp. (2)(a − 1), (a − 2) etc.).
(1) 1 ≤ s ≤ n−32 .
(a) If a runs through Rn,0, a set of complete representatives of <∗n/〈(1+ 4ξ)2n−3〉, then µs(a)
runs through <∗n−s . More precisely, if we write a = γ ξm(1 + 2ξ)ea0 where m = 0, 1, 2,
e = 0, 1,(γ, 2n) = 1 and a0 denotes a representative of 〈1 + 4ξ〉/〈(1 + 4ξ)2n−3〉, then µs(γ )
runs through the set {δ|(δ, 2n−s) = 1} 2s times and µs(a0) runs through 〈1 + 4ξ〉 of <∗n−s
2s−1 times. Hence, from Lemmas 2 and 3, we have
λβ(Rn) =
∑
a
ζ
S(a·2sβ0)
2n =
∑
a
ζ
S(aβ0)
2n−s = 22s−1λβ0(<∗n−s) = 0.
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TABLE 2.
n−1
2 ≤ s ≤ n − 1.
s Rn P ln P
n−1
2
n
n − (l + s) ≤ 0 n − (l + s) = 1 n − (l + s) > 1
(a − 1) (b − 1) (e − 1)
n − 1 −22n−3 3 · 22n−2l−3 3 · 2n−1
(a − 2) (b − 1) (c − 1) (d − 1) (e − 1)
n+1
2 < s < n − 1
0 3 · 22n−2l−3 −22s−1 0 (s 6= n − 2) 3 · 2n−1
(a − 2) (c − 1) (d − 1) (e − 1)
n+1
2
0 −2n 0 3 · 2n−1
(a − 2) (d − 1) (e − 2)
n−1
2
0 0 −2n−1
(b) From the assumption, it follows
l∏
i=1
(1 + 2n−l−iξ)gi ≡ 1 (mod 2n−(l+s)).
Therefore
λβ(P ln) =
∑
a
1∑
g1=0
· · ·
1∑
gl=0
ζ
2lS(a
∏l
i=1(1+2n−l−i ξ)gi ·2sβ0)
2n
=
∑
a
1∑
g1=0
· · ·
1∑
gl=0
ζ
S(a
∏l
i=1(1+2n−l−i ξ)gi β0)
2n−(l+s)
= 2l
∑
a
ζ
S(aβ0)
2n−(l+s) ,
where the sum is taken over Rn,l , a set of complete representatives of <∗n−l/〈(1+ 4ξ)2
n−2l−3〉.
If a runs through Rn,l , then µs(a) runs through <∗n−(l+s). It follows from Lemmas 2 and 3
that λβ(P ln) = 22s−1λµs (βo)(<∗n−(l+s)) = 0.
(c) Similarly, we have
l∏
i=1
(1 + 2n−l−iξ)gi ≡ 1 (mod 2n−2s),
so that
λβ(Psn ) = 2s
∑
a
ζ
S(aβ0)
2n−2s = 2s
∑
a
λµs (β0)(µ
s(a)).
The image µs(a) runs through Rn−2s,0, a set of complete representatives of <∗n−2s/〈(1 +
4ξ)2n−2s−3〉 2s times. We apply Lemma 5. It yields∑
µs (a)
λµs (β0)(µ
s(a)) = ±2n−2s−1.
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Consequently,
λβ(Psn ) = ±22s · 2n−2s−1 = ±2n−1.
(d) Similarly we have,
λβ(P ln) =
∑
a
1∑
g1=1
· · ·
1∑
gl=1
ζ
2lS(a
∏l
i=1(1+2n−l−i ξ)gi ·2sβ0)
2n
= 2s
∑
a
1∑
gs+1=0
· · ·
1∑
gl=1
ζ
2l−sS(a
∏l
i=s+1(1+2n−l−i ξ)gi β0)
2n−2s .
If a runs through Rn,l , then µs(a) runs through Rn−2s,l−s , a set of complete representatives of
<∗n−l−s/〈(1+4ξ)2
n−2l−3〉. Denoting the trace from<n−l−s to An−l−s by S′ and from Lemma 2,
λβ(P ln) = 22s
∑
µs (a)
1∑
g1=1
· · ·
1∑
gl−s=1
ζ
2l−sS′(µs (a)
∏l−s
i=1(1+2n−2s−(l−s)−i ξ)gi µs (β0))
2n−2s
= 22sλµs (β0)(P l−sn−2s).
Applying Lemma 5, λµs (β0)(P
l−s
n−2s) = 0, so that λβ(P ln) = 0.
(e) Similarly, using Lemma 5, we have
λβ(P
n−1
2
n ) =
∑
a∈<∗
(n+1)/2
ζ
2(n−1)/2+sS(aβ0)
2n =
∑
a∈<∗
(n+1)/2
ζ
S(aβ0)
2(n+1)/2−s = 22sλµs (β0)(<∗2(n+1)/2−s ) = 0.
Altogether, we have proved
λβ(D) = λβ(Rn)+
n−3
2∑
i=1
λβ(P ln)+ λβ(P
n−1
2
n ) = ±2n−1.
(2) n−12 ≤ s ≤ n − 1.
(a − 1) We can write β = 2n−1β0, β0 ∈ G F(22)×. Then, denoting the trace from G F(22)
to G F(2) by S′ and from Lemma 2,
λβ(Rn) =
∑
a
ζ
S(a·2n−1β0)
2n =
∑
a
(−1)S(aβ0) = 22n−3
∑
µn−2(a)∈G F(22)×
(−1)S′(µn−2(a)β0).
Since the last sum is taken over all nonzero elements of G F(22), λβ(Rn) = −22n−3.
(a−2) The image µs(a) runs through<∗n−s . Put β = 2sβ0, β0 ∈ <∗n−s and S′ = S<n−s/An−s .
Using Lemma 5, we obtain
λβ(Rn) =
∑
a
ζ
S(aβ0)
2n−s = 22s−1
∑
µs (a)
ζ
S′(µs (a)β0)
2n−s = 22s−1λβ(<∗n−s) = 0.
(b − 1) The assumption l + s ≥ n implies ζ 2l+s2n = 1. It follows that
λβ(P ln) =
∑
a
1∑
g1=0
· · ·
1∑
gl=0
ζ
2lS(a
∏l
i=1(1+2n−l−i ξ)gi 2sβ0)
2n = |P ln| = 3 · 22n−2l−3.
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(c − 1) The assumption n − (l + s) = 1 implies ζ 2l+s2n = −1. Similarly to the argument of
(a − 1), we have
λβ(P ln) =
∑
a
1∑
g1=0
· · ·
1∑
gl=0
(−1)S(aβ0) = −22n−2l−3 = −22s−1.
(d − 1) We observe that
l∏
i=1
(1 + 2n−l−iξ)gi ≡ 1 (mod 2n−(l+s)).
Then
λβ(P ln) = 2l
∑
a
ζ
S(aβ0)
2n−(l+s) .
Since the image µs(a) runs through <∗n−(l+s), we obtain λβ(P ln) = 0 by using Lemmas 2
and 3.
(e − 1) If s is greater than n−12 , then ζ 2
(n−1)/2+s
2n = 1. Therefore
λβ(P
n−1
2
n ) = |<∗(n+1)/2| = 3 · 2n−1.
(e − 2) From s = n−12 , ζ 2
(n−1)/2
2(n+1)/2 = −1. Similarly to the argument of (a − 1),
λβ(P
n−1
2
n ) =
∑
a∈<∗
(n+1)/2
(−1)S(aβ0) = −2n−1.
The row sum of Table 2 gives λβ(D) for every additive character λβ . It is clear that the third
row sum is 2n−1 and the fourth row sum is −2n−1. For the first row,
λβ(D) = −22n−3 +
n−3
2∑
l=1
3 · 22n−2l−3 + 3 · 2n−1
= −22n−3 + 22n−3 − 2n + 3 · 2n−1
= 2n−1.
For the second row,
λβ(D) =
n−3
2∑
l=n−s
3 · 22n−2l−3 − 22s−1 + 3 · 2n−1
= 22s−1 − 2n − 22s−1 + 3 · 2n−1
= 2n−1.
It completes the proof of Theorem 1.
THEOREM 2. Let n be an even integer and n ≥ 4. Let Rn , P ln, (1 ≤ l ≤ n−42 ) be as in
Lemma 5. Further we define the subset P
n−2
2
n of <n as follows:
P
n−2
2
n = {2 n−22 a | a ∈ 〈ξ〉〈−1 + 2 n2 〉〈(1 + 2ξ)2〉〈1 + 4ξ〉},
where 〈ξ〉〈−1 + 2 n2 〉〈(1 + 2ξ)2〉〈1 + 4ξ〉 is a subgroup of <∗(n+2)/2.
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Then D = Rn +
n−4
2∑
l=1
P ln + P
n−2
2
n is a (22n, 2n−1(2n − 1), 2n−1(2n−1 − 1)) difference set
over <n .
PROOF. We can verify λ0(D) = 2n−1(2n − 1) by a similar way to the proof of Theorem 1.
Assume that β 6= 0.
Case 1. β ∈ <∗n . Put β = bξ t , b ∈ En . By Lemma 5,
λβ(Rn) = ±2n−1, λβ(P ln) = 0,
(
1 ≤ l ≤ n − 4
2
)
.
We show λβ(P
n−2
2
n ) = 0. Since 〈(1 + 2ξ)2〉〈−1 + 2 n2 〉 = (Z/2 n+22 Z)×, the element a of a
subgroup of P
n−2
2
n can be written as γ ξm(1+ 4ξ) f where (γ, 2(n+2)/2) = 1, m = 0, 1, 2, and
f = 0, . . . , 2n/2−1 − 1. Thus we have
λβ(P
n−2
2
n ) =
2n/2−1−1∑
f=0
∑
(γ,2(n+2)/2)=1
2∑
m=0
ζ
γS(ξm (1+4ξ) f b)
2(n+2)/2
=
2n/2−1−1∑
f=0
∑
(γ,2n/2)=1
2∑
m=0
ζ
γS(ξm (1+4ξ) f b)
2(n+2)/2 + ζ
(γ+2n/2)S(ξm (1+4ξ) f b)
2(n+2)/2
=
2n/2−1−1∑
f=0
∑
(γ,2n/2)=1
2∑
m=0
ζ
γS(ξm (1+4ξ) f b)
2(n+2)/2 (1 + (−1)S(ξ
m ))
= 2
2n/2−1−1∑
f=0
∑
(γ,2n/2)=1
ζ
γS(ξ(1+4ξ) f b)
2(n+2)/2 .
Applying Eqn (1) in the proof of Lemma 4, we have
(1 + 4ξ)2n/2−2 ≡ 1 + 2 n2 ξ (mod 2 n+22 ).
Then we obtain,
λβ(P
n−2
2
n ) = 2
2n/2−2−1∑
f=0
∑
(γ,2n/2)=1
ζ
γS((1+4ξ) f b)
2(n+2)/2 + ζ
γS((1+4ξ) f+2n/2−2 b)
2(n+2)/2
= 2
2n/2−2−1∑
f=0
∑
(γ,2n/2)=1
ζ
γS((1+4ξ) f b)
2(n+2)/2 + ζ
γS((1+4ξ) f (1+2n/2ξ)b)
2(n+2)/2
= 2
2n/2−2−1∑
f=0
∑
(γ,2n/2)=1
ζ
γS((1+4ξ) f b)
2(n+2)/2 (1 + (−1)S(ξb))
= 0.
Altogether, we have λβ(D) = ±2n−1.
Case 2. β ∈ ℘s − ℘s+1. Put β = 2sβ0, β0 ∈ <∗n−s . We distinguish two cases.
(1) 1 ≤ s ≤ n−42 .
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From the argument of the proof of Theorem 1, we obtain
λβ(Rn) = 0, λβ(P ln) =
{
±2n−1 if s = l,
0 otherwise.
It is sufficient to show that λβ(P
n−2
2
n ) = 0. Denoting the trace from <(n+2)/2−s to A(n−2)/2−s
by S′,
λβ(P
n−2
2
n ) =
∑
a
ζ
2(n−2)/2S(a·2sβ0)
2n =
∑
a
ζ
2(n−2)/2−sS(aβ0)
2n−2s = 22s
∑
µs (a)
ζ
2(n−2)/2−sS′(µs (a)µs (β0))
2n−2s .
If a runs through the group 〈ξ〉〈−1 + 2n/2〉〈(1 + 2ξ)2〉〈1 + 4ξ〉 of <∗(n+2)/2, then the image
µs(a) runs through the subgroup 〈ξ〉〈−1 + 2n/2−s〉〈(1 + 2ξ)2〉〈1 + 4ξ〉 of <∗(n+2)/2−s . Thus
λβ(P
n−2
2
n ) = 22s
∑
µs (a)
ζ
2(n−2)/2−sS′(µs (a)µs (β0))
2n−2s = 22sλµs (β0)(P
(n−2s−2)/2
n−2s ).
Applying Lemma 5, we have λµs (β0)(P
(n−2s−2)/2
n−2s ) = 0.Altogether we obtain λβ(D) = ±2n−1.
(2) n−22 ≤ s ≤ n − 1.
The entries of Table 3 give λβ(A) where A is from {Rn, P ln (1 ≤ l ≤ n−42 ), P(n−2)/2n }. We
have proved
λβ(Rn) = −22n−3, λβ(P ln) = 3 · 22n−2l−3 if n − (s + l) ≤ 0,
for β ∈ ℘n−1 − {0}, and
λβ(Rn) = 0, λβ(P ln) =

3 · 22n−2l−3 if n − (s + l) ≤ 0,
−22s−1 if n − (s + l) = 1,
0 if n − (s + l) > 1,
for β ∈ ℘s − ℘s+1, n+22 ≤ s < n − 1.
(a) If a runs through Rn , then the image µn/2(a) runs through <∗n/2. Therefore
λβ(Rn) =
∑
a
ζ
S(a·2n/2β0)
2n =
∑
a
ζ
S(aβ0)
2n/2 = 0.
(b) Similarly to the argument of (a),
λβ(Rn) =
∑
a
ζS(a·2(n−2)/2β0) =
∑
a
ζ
S(aβ0)
2(n+2)/2 = 0.
(c) The assumption yields
l∏
i=1
(1 + 2n−l−iξ)gi ≡ 1 (mod 2n/2−l).
If a runs through Rn,l , then µn/2(a) runs through <∗n
2−l . Hence,
λβ(P ln) = 2l
∑
a
ζ
2lS(a·2n/2β0)
2n = 2l
∑
a
ζ
S(aβ0)
2n/2−l = 0.
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TABLE 3.
n−2
2 ≤ s ≤ n − 1.
s Rn P ln P
n−2
2
n
n − (l + s) ≤ 0 n − (l + s) = 1 n − (l + s) > 1
(e)
n − 1 −22n−3 3 · 22n−2l−3 3 · 2n−1
(e)
n+2
2 ≤ s < n − 1
0 3 · 22n−2l−3 −22s−1 0 3 · 2n−1
(a) (c) ( f )
n
2
0 0 −2n−1
(b) (d) (g)
n−2
2
0 0 −2n−1
(d) The assumption yields
l∏
i=1
(1 + 2n−l−iξ)gi ≡ 1 (mod 2(n+2)/2−l).
Similarly we have,
λβ(P ln) = 2l
∑
a
ζ
S(aβ0)
2(n+2)/2−l = 0.
(e) The assumption implies ζ 2(n−2)/2+n−12n = 1 or ζ 2
(n−2)/2+s
2n = 1. Therefore we have
λβ(P
n−2
2
n ) = |P
n−2
2
n | = 3 · 2n−1.
( f ) The assumption implies ζ 2
n−2
2 + n2
2n = −1, so that
λβ(P
n−2
2
n ) =
∑
a
(−1)S(aβ0) = −2n−1.
(g) If a runs through the subgroup 〈ξ〉〈−1 + 2n/2〉〈(1 + 2ξ)2〉〈1 + 4ξ〉, then µn−2(a) runs
through the subgroup 〈ξ〉〈3〉 of <∗2. Hence, denoting the trace from <2 to A2 by S′,
λβ(P
n−2
2
n ) = 2n−2
∑
(γ,22)=1
2∑
m=0
ζ
S′(γ ξm )
4 = −2n−1.
The row sum of Table 3 shows λβ(D) for every additive character λβ . It is obvious the row
sums for the third and fourth rows are both −2n−1. We have proved the row sum for the first
row is 2n−1 in the proof of Theorem 1. It is easy to verify the row sum for the second row is
2n−1, similarly to the proof of Theorem 1. 2
Our constructions of difference sets differ from Dillon’s construction. Dillon proved the
following theorem.
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THEOREM 3 (Dillon [5, THEOREM 12.7]). Let G = H × H, where H is the cyclic group
of residues modulo 2n , and let the mapping f : H → H satisfy the equation f (x + 2n−1) =
− f (x) for all x ∈ H. Define the mapping µ : H → H by µ(2r x) = 2r x∗, where x is odd
and where xx∗ ≡ 1 (mod 2n). Then D = {(x, y) ∈ G : f (µ(x)y) = −1} is a (Menon)
difference set in G that is fixed by every numerical automorphism of G.
Assume that our difference set D is constructed by Dillon’s theorem. The subset D contains
the element (1, 0) corresponding to a primitive element and D does not contain the element
(2n−1, 2n−1) in the minimal ideal. Hence
f (µ(1)0) = f (0) = −1,
however
f (µ(2n−1)2n−1) = f (22n−2) = f (0) 6= −1.
Therefore our construction is not constructed by Dillon’s construction.
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